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Layouts of Expander Graphs 


Vida Dujmovlc^ Anastaslos Sldlropoulos * David R. Wood § 

Abstract. Bourgaln and Yehudayoff recently constructed O(l)-monotone bipartite expanders. By 
combining this result with a generalisation of the unraveling method of Kannan, we construct 
3-monotone bipartite expanders, which Is best possible. We then show that the same graphs 
admit 3-page book embeddings, 2-gueue layouts, 4-track layouts, and have simple thickness 2. 
All these results are best possible. 

1 Introduction 

Expanders are classes of highly connected graphs that are of fundamental Importance In graph 
theory, with numerous applications, especially In theoretical computer science [31]. While the 
literature contains various definitions of expanders, this paper focuses on bipartite expanders. 
For e e (0,1], a bipartite graph G with bipartition V(G) = A U B is a bipartite e-expander if 
|j4| = \B\ and |iV(5)| ^ (1 + e)|S| for every subset S C A with |5| ^ Here N(S ) is the 
set of vertices adjacent to some vertex in S. An infinite family of bipartite e-expanders, for some 
fixed e > 0, is called an infinite family of bipartite expanders. 

There has been much research on constructing and proving the existence of expanders with 
various desirable properties. The first example is that there is an infinite family of expanders 
with bounded degree, in fact, degree at most 3 (see [1, 31, 39] for example). 

1.1 Monotone Layouts 

Bourgain and Yehudayoff [5, 6] recently gave an explicit construction of an infinite family of 
bipartite expanders with an interesting additional property. Say G is a bipartite graph with 
ordered colour classes (v\,... ,v n ) and (w±,... ,w m ). Two edges ViWj and vy.wp cross if i < 
k and l < j. A matching M in G is monotone if no two edges in M cross. A bipartite 
graph with ordered coloured classes is d-monotone if it is the union of d monotone matchings. 
Note that every d-monotone bipartite graph has maximum degree at most d. Motivated by 
connections to dimension expanders, Dvir and Shpilka [20] constructed an infinite family of 
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O(logn)-monotone bipartite expanders 1 . Dvlr and Wlgderson [21] constructed an Infinite family 
of 0(log c n)-monotone bipartite expanders, for any constant c > 0. Bourgain and Yehudayoff [5, 6] 
proved the following breakthrough 2 : 

Theorem 1 (Bourgain and Yehudayoff [5, 6]). There is an infinite family of d-monotone bipartite 
expanders, for some constant d. 

Note that the proof of Theorem 1 is constructive, and indeed no probabilistic proof is known. 
This is unusual, since probabilistic proofs for the existence of expanders are typically easier to 
obtain than explicit constructions. 

The first contribution of this paper is to show how any O(l)-monotone bipartite expander can 
be manipulated to produce a 3-monotone bipartite expander. 

Theorem 2. There is an infinite family of 3-monotone bipartite expanders. 

1.2 Book Embeddings 

Theorem 2 has applications to book embeddings. A k-page book embedding of a graph G 
consists of a linear order (ui,...,u n ) of V(G) and a partition E\,..., Ej.. of E(G), such that 
edges in each set Ei do not cross with respect to («i,..., u n ). That is, for all i e [l,fc], there 
are no edges u a ui , and u c Ud in E t with a < c < b < d. One may think of the vertices as being 
ordered along the spine of a book, with each edge drawn on one of k pages, such that no two 
edges on the same page cross. A graph with a fc-page book embedding is called a k-page graph. 
The page-number of a graph G is the minimum integer k such that there is a fc-page book 
embedding of G. Note that page-number is also called book thickness or stack-number or fixed 
outer-thickness ; see reference [16] for more on book embeddings. A /c-page book embedding is 
k-pushdown if, in addition, each set Ei is a matching [26]. 

A d-monotone bipartite graph has a d-pushdown book embedding, and thus has page-number 
at most d, since using the above notation, edges in a monotone matching do not cross in the 
vertex ordering (i>i,..., v n , w m ,..., w\), as illustrated in Figure 1 (b). This observation has been 
made several times in the literature [15, 21, 38]. In the language of Pemmaraju [38], this book 
embedding is 'separated'. 

Thus the construction of Bourgain and Yehudayoff [5, 6] gives an infinite family of d-pushdown 
bipartite expanders with maximum degree d, for some constant d. This result solves an old open 
problem of Galil et al. [26, 27] that arose in the modelling of multi-tape Turing machines. In 
particular, Galil et al. [27] showed that there are O(l)-pushdown expanders if and only if it 

1 While monotone expanders are not explicitly mentioned by Dvir and Shpllka [20], the connection is made explicit 
by Dvir and Wigderson [21]. 

2 An outline of the proof was given in the original paper by Bourgain [5]. A full proof was given by Bourgain and 
Yehudayoff [6]. See the paper by Dvir and Wigderson [21] for more discussion. 
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Figure 1: Converting (a) a monotone matching to (b) a book embedding and (c) a gueue lagout [15, 
21, 38], 


Is not possible for a 1-tape nondetermlnlstlc Turing machine to simulate a 2-tape machine In 
subguadratlc time. 

Theorem 2 and the above observation Implies: 

Theorem 3. There is an infinite family of 3-pushdown bipartite expanders. 

1.3 Queue Layouts 

Queue layouts are dual to book embeddings. (In this setting, book embeddings are often called 
stack layouts.) A k-queue layout of a graph G consists of a linear order (u±,... ,u n ) of V(G ) 
and a partition E\,... ,Ek of E(G), such that edges In each set E % do not nest with respect to 
(u \,..., u n ). That Is, for all i E [1, A;], there are no edges u a Ub and u c Ud In Ei with a < c < d < b. 
A graph with a fc-gueue layout Is called a k-queue qraph. The queue-number of a graph G Is 
the minimum Integer k such that there Is a fc-gueue layout of G. See [8, 13-17, 29, 30] and the 
references therein for results on gueue layouts. 

A d-monotone bipartite graph has gueue-number at most d, since using the above notation, 
edges In a monotone matching do not cross In the vertex ordering (ty,..., v n , w\,..., w m ), as 
Illustrated In Figure 1(c). Thus the construction of Bourgaln and Yehudayoff [5, 6] provides an 
Infinite family of bipartite expanders with bounded gueue-number, as observed by Dujmovic et al. 
[12]. And Theorem 2 gives an infinite family of 3-gueue bipartite expanders. We improve this 
result as follows. 

Theorem 4. There is an infinite family of 2-queue bipartite expanders with maximum deqree 3. 

1.4 Track Layouts 

Finally, consider track layouts of graphs. In a graph G, a track is an independent set, eguipped 
with a total ordering denoted by W A k-track layout of a graph G consists of a partition 
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(Vi,..., 14) of V(G) into tracks, such that between each pair of tracks, no two edges cross. 
That is, there are no edges vw and xy in G with v -< x in some track Vi, and y ~< w in some 
track Vj. The track-number is the minimum integer k for which there is a fc-track Layout of G. 
See [9, 13-15, 17] and the references therein for results on track layouts. We prove the following: 

Theorem 5. There is an infinite family of A-track bipartite expanders with maximum degree 3. 

1.5 Discussion 

Some notes on the above theorems are in order. First note that the proofs of Theorems 2-5 are 
unified. Indeed, each of these theorems refer to the same family of graphs. 

Tightness: Each of Theorems 2-5 is best possible since 2-page graphs (and thus 2-monotone 
graphs) are planar [4], 1-gueue graphs are planar [30], and 3-track graphs are planar [17], but 
planar graphs have 0(y/n) separators [33], and are thus far from being expanders. It is interesting 
that graphs that are 'close' to being planar can be expanders. 

Expansion and Separators: Nesetril and Ossona de Mendez [36] introduced the following 
definition. A class Q of graphs has bounded expansion if there is a function / such that for 
every integer r ^ 0 and every graph G G Q, any graph obtained from G by contracting disjoint 
balls of radius r has average degree at most /(r). The least such function / is called the 
expansion function for Q. For example, minor-closed classes have constant expansion functions 
(independent of r). Nesetril et al. [37] proved that graph classes with bounded page-number or 
bounded gueue-number have bounded expansion (also see [36, Chapter 14]). Thus, Theorems 3 
and 4 provide natural families of graphs that have bounded expansion yet contain an infinite 
family of expanders. The upper bound (proved in [37]) on the expansion function for graphs 
of bounded page-number or bounded gueue-number is exponential. Nesetril and Ossona de 
Mendez [36] state as an open problem whether this exponential bound is necessary. Since 
graph classes with sub-exponential expansion functions have o(n) separators [35, Theorem 8.3] 
(also see [22]), and expanders do not have o(n) separators (see Appendix A), Theorems 3 and 
4 imply that indeed exponential expansion is necessary for 3-page and 2-gueue graphs. Since 
gueue-number is tied to track-number [15], these same conclusions hold for track-number. 

Subdivisions: Theorems slightly weaker than Theorems 3-5 can be proved using subdivisions. 
It can be proved that if G is a bipartite e-expander with bounded degree, then the graph obtained 
from G by subdividing each edge twice is a bipartite e'-expander (see Appendix B). Dujmovic and 
Wood [17] proved that every /r-page graph has a 3-page subdivision with 2[log 2 k] — 2 division 
vertices per edge. Applying this result to the construction of Bourgain and Yehudayoff [5, 6], we 
obtain an infinite family of 3-page bipartite expanders with bounded degree. Note that the degree 
bound here is the original degree bound from the construction Bourgain and Yehudayoff [5, 6], 
which is much more than 3 (the degree bound in Theorem 3). In particular, 3-monotone expanders 
cannot be constructed using subdivisions. 
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One can also construct 2-queue expanders and 4-track expanders using subdivisions. Dujmovic 
and Wood [17] proved that every /c-queue graph has a 2-queue subdivision with 2[Tog 2 Af| + 1 
division vertices per edge, and has a 4-track subdivision with 2|log 2 £f| + 1 division vertices per 
edge. To apply these results, one must modify the relevant constructions so that each edge 
is subdivided an even number of times (details omitted). Again the obtained degree bound is 
weaker than in Theorems 4 and 5. 

Thickness: The thickness of a graph G is the minimum integer k such that G = G\ U • • • U Gk 
for some planar subgraphs G\,... ,G/~- See [34] for a survey on thickness. A natural question 
arises: what is the minimum integer k for which there is an infinite family of bipartite expanders 
with thickness k~! It is easily seen that there are bipartite expanders with thickness 2: Let G' 
be the graph obtained from an e-bipartite expander G with bounded degree by subdividing each 
edge twice. Then G' is an e'-expander (see Appendix B). The edges of G 1 incident to the original 
vertices form a star forest G\, and the remaining edges form a matching GS, both of which are 
planar. Hence G' has thickness 2. Of course, thickness 2 is best possible for an expander since 
every graph with thickness 1 is planar. 

Every graph with thickness k can be drawn in the plane with no crossings between edges in each 
of the k given planar subgraphs (since a planar graph can be drawn without crossings with its 
vertices at prespecified positions). However edges from different planar subgraphs might cross 
multiple times. This motivates the following definition. A drawing of a graph is simple if no two 
edges cross more than once. The simple thickness of a graph G is the minimum integer k such 
that there is a simple drawing of G and a partition of E(G) into k non-crossing subgraphs. 

We now show how to obtain an infinite family of bipartite graphs with simple thickness 2. Every 
1-gueue graph is planar [30], To see this, say v\,...,v n is the vertex ordering in a 1-gueue 
graph. Position at (i,0) in the plane. Draw each edge ViVj with i < j, as a curve from 
(i, 0) starting above the X-axis, through (— i — j, 0), and then under the X-axis to (j, 0), as 
illustrated in Figure 2. Since no two edges are nested in the initial ordering, no two edges 
cross in this drawing. Now, given a 2-gueue layout, applying the same construction for each 
queue gives a simple drawing, in which edges from the first gueue do not cross, edges from the 
second gueue do not cross, and each edge from the first gueue crosses each edge from the second 
gueue at most once (if the curves are drawn carefully). This shows that every 2-gueue graph 
has a simple drawing with thickness 2. By Theorem 4 there is an infinite family of bipartite 
expanders with simple thickness 2. Furthermore, one may subdivide each edge twice in the above 
construction, and then draw each edge straight to obtain an infinite family of bipartite expanders 
with geometric thickness 2 (see [3, 10, 18]). 
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Figure 2: Drawing a 1-gueue graph without crossings. 


2 Two-Sided Bipartite Expanders 

Throughout this paper, it is convenient to employ the following definition. A bipartite graph 
G with bipartition A, B is a two-sided bipartite e-expander if |A| = \B\, and for all S C A 
with |S'| ^ ^ we have |-/V(S)| ^ (1 + e)|£|, and for all T C B with \T\ ^ ^ we have 
|JV(T)| ^ (l + e)|T|. This is a strengthening of the notion of a (one-sided) bipartite e-expander. 
The next lemma says that a (one-sided) /c-monotone bipartite expander can be easily modified 
to produce a two-sided 2Ai-monotone bipartite expander. 

Lemma 6. If G is a k-monotone bipartite e-expander with ordered bipartition A = (cy,... ,v n ) 
and B = (tty,..., w m ), then the graph G' with vertex set V(G' ) := V(G) and edge set E(G') := 
{(vi,Wj), (vj,Wi) : ( Vi,Wj ) E E(G)} is a two-sided 2k-monotone bipartite e-expander. 

Proof. Observe that (vi,Wj) crosses (v a ,Wb) if and only if ( Vj,Wi ) crosses ( Vb,w a )■ Thus if M is 
a monotone matching, then {(vj,Wi) : ( Vi,Wj) G M} is also a monotone matching. Hence, E(G') 
can be partitioned into 2k monotone matchings. Since G is a spanning subgraph of G' , we have 
that G' is an e-expander. Given T C B with |T| ^ define S := {vi € A : ug € B}. Then 
\Nq/(T )| ^ |]Vg(S')| ^ (1 + 6)151 = (l + e)|T|. Thus G' is a two-sided bipartite e-expander. □ 

The construction of Bourgain and Yehudayoff [5, 6] and Lemma 6 together imply: 

Corollary 7. There is an infinite familg of two-sided d-monotone bipartite expanders, for some 
constant d. 
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3 Unraveling 


The following construction of Kannan [32] is the starting point for our work. Let G be a graph, 
whose edges are fc-coloured (not necessariig properig). Let Ei,...,Ek be the corresponding 
partition of E(G). Let G' be the graph with vertex set 

V{G') := V{G) x [1, k] = { Vi :ve V(G),i £ [1, k}}, 

where ViWi £ E(G > ) for each edge vw £ Ei and i £ [ 1 ,/c], and ViVi+ 1 £ E(G') for each vertex 
v £ V{G) and i £ [l,k — 1], Kannan [32] called G' the unraveling of G, which he defined in 
the case that the edge colouring comes from a /c-page book embedding, and proved that G' has 
a 3-page book embedding. To see this, for i £ [1,/c], let Vi := {vi : v £ V(G)} ordered bg the 
given ordering of V(G). Define 

J\ '■= {viWi : vw £ Ei,i £ [ 1 ,/c]} 

J2 '■= {viVi + 1 : v £ V(G),i £ [1 ,k\,i odd} and 
■h ■= {viv i+ 1 : v £ V(G),i £ [ 1 , k\,i even}. 

Then J\, J21 J3 is a partition of E{G'), and for i £ [3], no two edges in J* cross with respect 
to the vertex ordering Vi, V2,... , 14, as illustrated in Figure 3. Thus, this is a 3-page book 
embedding of G'. 



Figure 3: 3-page book embedding of the unraveling, due to Kannan [32]. 


This observation is extended as follows. 

Lemma 8. If a bipartite graph G is k-monotone, then the unraveling G' is 3-monotone. 

Proof. Sag A, B is the given bipartition of G. Let Ai := V t C\A and Bi := ViPiB, where V. is de¬ 
fined above. Sag Ai and Bi inherit the given orderings of A and B respectiveig. Then G' is bipar¬ 
tite with ordered bipartition given bg Ai, B2, 2 I 3 , B4, A5, Bq, ... and B 1 , A2, B 3 , A4, B^jAg 
Observe that for i £ [3], no two edges in Ji cross with respect to these orderings, as illustrated 
in Figure 4. Thus G' is 3-monotone. □ 
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Figure 4: 3-monotone layout of the unraveling. 


The unraveling G' has Interesting expansion properties. In particular, Kannan [32] proved that 
If G' has a small separator, then so does G. Thus, If G Is an expander, then G and G' have 
no small separator. Various results In the literature say that If every separator of an n-vertex 
graph G has size at least en, then G contains an expander as a subgraph (for various notions 
of non-blpartlte expansion). However, the unraveling G' might not be a bipartite expander. For 
example, G' might have a vertex of degree 1. This happens for a vertex v\ where v Is Incident to 
no edge coloured 1, or a vertex Vk where v Is Incident to no edge coloured k. The natural solution 
for this problem Is to add the edge v\Vk for each vertex v of G. Now each vertex v corresponds 
to the cycle C v = (v±, v 2 , ■ ■ ■, Vk)- However, the obtained graph Is still not an expander: If S 
consists of every second vertex In some C v , then It Is possible for N(S) to consist only of the 
other vertices In C v , In which case |iV(5)| = |5|, and the graph Is not an expander. Moreover, 
It Is far from clear how to construct a 3-monotone layout of this graph. (For even k, the layout 
In the proof of Lemma 8 Is 5-monotone.) 

4 Generalised Unraveling 

The obstacles discussed at the end of the previous section are overcome in the following lemma. 
This result is reminiscent of the replacement product; see [1, 21, 31, 39]. 

Lemma 9. Let G be a two-sided bipartite e-expander with bipartition A, B and maximum degree 
A. Let n := |M| = |i?|. Assume n ^ 3. Let k ^ 2 be an integer. For each vertex v of G, let k v 
be an integer with k ^ k v ^ (1 + | )k. Let G' be a bipartite graph with bipartition X,Y such 
that: 

• G' contains disjoint cycles {C v : v £ V(G) }, 

• ICul = 2 k v for each vertex v £ V{G), 

• v(G') = U{V(C v ) : v £ V{G)}, and 

• for each edge vw of G there are edges xy and pq of G' such that x £ C v Fl X and 

y £ C w FI Y and p £ C v fl Y and q £ C W H X. 
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Then G' is a two-sided bipartite e' -expander, for some e' depending only on e, k and A. 

Proof. For each vertex v of G, we have \C V n X\ = \C V n Y\ = k v . Thus 

\X\ = \Y\ = Y k v^ 2(1 + f )kn. 

v£V(G) 

Let SCX with |S| ^ which is at most (1 + \)kn. By the symmetry between X and Y, it 
suffices to prove that |iV ( 3 /(S')| ^ (1 + e')|5|. 

For each vertex v of G, observe that \C V FI S\ ^ \C V fl X\ = k v . Say v is heavy if \C V fl S\ = k v . 
Say v is tight if 1 ^ \C V Fl S\ ^ k v — 1. Say v is unused if C v H S = 0. Each vertex of G is 
either heavy, light or unused. 

Say a heavy vertex v of G is fat if every neighbour of v is also heavy. Let F be the set of fat 
vertices in G. Let H be the set of non-fat heavy vertices in G. Let L be the set of light vertices 
in G. Let U be the set of unused vertices in G. Thus F,H,L,U is a partition of V{G). Let 
/ := |.F| and h := \H\ and l := \L\. Let Ja '■= \F Fl A\ and fs := \F F B\ and h a '■= \H F A\ 
and h.B '■= \H F B\. 

Since the vertices in H are not fat, every vertex in H has a neighbour in L U U. Let H' be the 
set of vertices in H adjacent to no vertex in U (and thus with a neighbour in L). Let H" be the 
set of vertices in FL adjacent to some vertex in U . Define b! := \H'\ and h" := \H"\. 

For each vertex v of G, let c{v) be the number of vertices in C v adjacent to some vertex in C v F S. 
Since C v F S is an independent set in C Vl by Lemma 10 below, if v is heavy, then every second 
vertex of C v is in S and c(v) = k v = \C V F S |, and if v is light then c(v) JS \C V F S\ + 1. Thus 

\n g >(s)\ > y c ^) > e+ E i c " n5 i = £+ i 5 i- ^ 

vGFUHUL vGFUHUL 

Moreover, each vertex v in H" is adjacent in G to some vertex w in U. By assumption, there is 
an edge xy of G' such that x G C v F A and y e C w F Y. Since v is heavy, x is in S and y is in 
Nqi(S). And since w is unused, y is adjacent to no vertex in C w F S. Thus y is not counted in 
the lower bound on Nqi(S) in (1). Each such vertex y is adjacent to at most A vertices in FL". 
Hence 

\N G ,(S)\^\S\+£+^. (2) 

Our goal now is to prove that l + ^ e'|S'| , where e' := (k + ArA(^-t^)) - Since 1 — e'(k + 

fcA(l + = 0 and ^ — e'k(l + ^ 0, 

(l - e(k + kA(l + \))l + (^ — ek( 1 + \))h" ^ 0. 

That is, 

h" 

£ + — > e'kl + e'k{l + \)(A£ + h"). 
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Every vertex In H' has a neighbour in L, each of which has degree at most A. Thus h! ^ AT 
implging 

e'M + e'k( 1 + \){ti + h") = e’k{£ + /i + *). 

Suppose, on the contrary, that f a ^ L^J + 1- Let Q be a subset of F n A of size |_§J. Since G 
is a two-sided e-expander, and since every neighbour of each vertex in F n A is in (FU H) n B, 
we have f B + h B ^ |iV G (Q)| ^ (1 + e)[§J. Thus 

f A + / B + h B ^ LfJ + 1 + (1 + e)L§J ^ (2 + e)LfJ + 1 JS n + |(n — 1). 

However, (1 + |)kn ^ |Sj ^ k(f A + f B + h B ), implying /a + /b + h B ^ (1 + § )n, which is a 
contradiction (since n SS 3). 

Now assume that /a ^ f}. Since G is a two-sided e-expander, and since every neighbour of a 
vertex in F n A is in (F U H) n B, we have f B + h B ^ \Nq(F n A)| ^ (1 + e)f A . By symmetry, 
/a + h A ^ (1 + e)f B . Thus / + h ^ (1 + e)/ and h > e/. Hence 

F + ^ > e'F-(F + T + /). 

Since |5| ^ k(f + h + F), 

F + — ^ e' | S' |, 

and Ng'{S) ^ (1 + e')|S|, as desired. □ 

Lemma 10. Let I be an independent set in a a cycle graph C. Then |A G (/)| ^ |I| with equality 
only if I = 0 or |C| = 2|I|. 

Proof. For each vertex x in Nc{I), if x is adjacent to exactly one vertex v in I, then send the 
charge of 1 from x to u, and if x is adjacent to exactly two vertices v and w in I, then send a 
charge of \ from x to each of v and w. Each vertex in I receives a charge of at least | from 
each of its neighbours in C. Thus the total charge, | Nc(I)\, is at least I, as claimed. If the total 
charge eguals \I\, then each vertex v in I receives a charge of exactly 1, which implies that both 
neighbours of v sent a charge of ^ to v. Thus both neighbours of v are adjacent to two vertices 
in I. It follows that I consists of every second vertex in C, and \C\ = 2\I\. □ 

5 The Wall 

The following example is a key to our main proofs, and is of independent interest. The wall is 
the infinite graph W with vertex set 1? and edge set 

{{(x,y){x + l,y)} : x,y G Z} U {{(x, y)(x, y + 1)} : x, y G Z + , x + y even}. 

As illustrated in Figure 5, the wall is 3-regular and planar. 
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Figure 5: The wall with ordered colour classes. 


The next two results depend on the following vertex ordering of W. For vertices ( x,y ) and 

(x', y ') of W, define ( x , y ) A (x' , y') if x + y < x' + y', or x + y = x' + y' and x ^ x'. 

Lemma 11. The wait is 3-monotone bipartite. 

Proof. Let A := {( x,y) £ Z 2 : x + y even} and B := {(x,y) £ Z 2 : x + y odd}. Observe 
that A, B is a bipartition of W. Consider A and B to be ordered by A. Colour the edges of 
W as follows. For each vertex (x,y) where x + y is even, colour (x,y)(x + 1 ,y) red, colour 
(x,y)(x— l,j/) blue, and colour (x, y)(x, y + 1) green, as illustrated in Figure 5. Each edge of 
W is thus coloured. If ( x,y ) -< (x',y') in A, then (x + l,y) A (x > + 1 ,y) in B. Thus the red 
edges form a monotone matching. Similarly, the green edges form a monotone matching, and 
the blue edges form a monotone matching. Thus W is 3-monotone. □ 

Lemma 12. The wait has a 2-queue layout, such that for all edges pq and pr with p -< q -< r or 
r -< q -< p, the edges pq and pr are in distinct queues (called a 'strict' 2-queue layout in [40]). 

Proof. We first prove that no two edges of W are nested with respect to A. Suppose that some 
edge (x 2 ,y 2 )(x 3 , y 3 ) is nested inside another edge (x\, r/i)(x 4 , y 4 ), where (xi,yi) A (x 2 l y 2 ) A 
(X 3 , 2 / 3 ) -< (x 4 , 2 / 4 )- By the definition of we have x\+yi ^ x 2 + y 2 ^ x 3 + 2/3 ^ x 4 + 2 / 4 - Since 
(■ x 2 ,y 2 ){x 3 ,y 3 ) and (xi, yi)(x 4 , y 4 ) are edges, x 4 + y 4 = x± + 2/1 + 1 and x 3 + y 3 = x 2 + y 2 + l. 
Hence x\ + 2/1 = x 2 + y 2 and x 3 + y 3 = x 4 + 2 / 4 - By the definition of A, we have x\ < x 2 and 
2/2 < y\, and x 3 < x 4 and y 4 < y 3 . Since (xi, yi){x 4 , y 4 ) is an edge with (x’ 1 , 2 / 1 ) -< (x 4 ,y 4 ), 
either x 4 = x\ + 1 or y 4 = 2/1 + 1- First suppose that x 4 = x\ + 1. Then x\ < x 2 ^ x 3l implying 
x 4 = xi + 1 ^ x 3 , which is a contradiction. Now assume that y 4 = 2/1 + 1- Then yi + 1 = y 4 < y 3 - 
Since (x 2 ,y 2 )(x 3 ,y 3 ) is an edge, y 3 ^ 2/2 + T implying 2/1 < y 2 , which is a contradiction. Hence 
no two edges are nested. 
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For each vertex (x, y) where x + y is even, assign the edges (x, y)(x + 1, y) and (x, y)(x — 1 ,y) 
to the first gueue, and assign the edge (x, y)(x, y + 1) to the second gueue. If x + y is even, then 
(x, y) has two neighbours (x + 1, y) and (x, y + 1) to the right of (x, y) in +, and one neighbour 
(x — 1, y) to the left. On the other hand, if x + y is odd, then (x, y) has two neighbours (x — 1, y) 
and (x,y — 1) to the left of (x,y) in +, and one neighbour (x + l,y) to the right. Consider a 
vertex p = (x,y) incident to distinct edges pq and pr. \\ p + q + r, then x + y is even and 
q = (x, y + 1) and r = (x + 1, y), implging that pq and pr and in distinct gueues. If r + q + p, 
then x + y is odd and r = (x — 1, y) and q = (x,y — 1), implging that pq and pr and in distinct 
gueues. □ 

Lemma 1 3. The wail has a 4-track layout, such that for all distinct edges pq and pr, the vertices 
q and r are in distinct tracks. 

Proof. Consider the following vertex ordering of W. For vertices (x,y) and (x',y') of W, define 

(x, y) + (x', y') if x < x', or x = x' and y ^ y'. 

Colour each vertex (x,y) of W bg (x + 2 y) mod 4, as illustrated in Figure 6. Observe that this 
defines a proper vertex colouring of W. Order each colour class bg +. Each colour class is now 
a track. Observe that for all distinct edges pq and pr, the vertices q and r are in distinct tracks. 
Put another wag, this is a 4-colouring of the sguare of W. 



Suppose on the contrarg that edges (xi, yi)(x 4 , j/ 4 ) and (x2, y2)(%3, y%) cross, where (xi,yi) + 
(x 2 ,y 2 ) in some track, and (xs,ys) + (x 4 ,y 4 ) in some other track. Thus xi ^ X2 and X3 ^ X4. 
Without loss of generalitg, (xi,yi) + (x 3 ,y 3 ). Thus (xi,yi) + (x 3 ,y 3 ) + (x 4 ,y 4 ). Flence 
xi ^ x 3 ^ x 4 . 

Suppose that xi = X4. Thus yi < y 3 < y 4 , implging y 4 ^ yi + 2 and (xi,yi)(x 4 ,y 4 ) is not an 
edge. Now assume that xi < X4. Since (xi,yi)(x 4 ,y 4 ) is an edge, X4 = xi + 1 and yi = 2/4. 
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In what follows, all congruences are modulo 4 . We have 23 + 2 y% = 24 + 2^4. Thus 23 — 24 = 
2 (r/4 — 2/3), Implying 23 — 24 Is even. Since x\ ^ 23 ^ 24 = x\ + 1, we have 23 = 24. Since 
(x's, 2/3) -< (®4,2/4). we have y 3 < y 4 . Since xi + 2 yi = x 2 + 2 y 2 , we have 21 - x 2 = 2 (y 2 - 2/1), 
implying xi — 22 is even. 

Suppose that X2 ^ X4. Then 21 ^ 22 ^ 24 = xi + 1. Since xi — X2 is even, xi = x 2. Since 
(^1,2/1) -< (22,2/2), we have y 1 < y 2 . Since (x 2 , 2/2)(23,2/3) is an edge and x 3 = x 4 = 21 + 1 = 
x 2 + 1, we have y 2 = 2/3- Similarly, since (21,2/1)(24, 2/4) is an edge and 24 = 21 + 1, we have 
2/i = 2/4- Since 2/3 < 2/4, we have 2/2 < 2/1, which is a contradiction. Now assume that x 2 > 24. 

Since 22 > 24 = 23 and ( 22 , 2 / 2 ) (23, 2 / 3 ) is an edge, y 2 = 2/3. Thus 22 = 23 + 1 = 24 + 1 = 21 + 2. 
Since 21 + 2 y\ = x 2 + 2y 2 we have 2 yi = 2 + 2y 2 , implying y\ — y 2 is odd. Since 2/4 = yi and 
2/3 = 2 / 2 , we have 7/4 — 7/3 is odd. However, since 23 = 24 and 23 + 27/3 = 24 + 27 / 4 , we have 
2/3 — 2/4 is even. This contradiction proves that no two edges between the same pair of tracks 
cross. □ 

6 The Main Proofs 

Here we give a unified proof of Theorem 2, Theorem 4 and Theorem 5. Let G be a two-sided 2k- 
monotone bipartite e-expander with bipartition A, B. An infinite family of such graphs exist by 
Corollary 7 for fixed e and k. We may assume that k ^ Let Ei,..., E 2k be the corresponding 
partition of E(G). Now define a graph G'. For each vertex v E A, introduce the following cycle 
in G': 


C v := {u 0 ,V 1, V 1 , 712 , ^2, • • • , v k , V k , v' k ,v' k , z 4 -i, • • • , 1/q). 

For each vertex to 6 B, introduce the following cycle in G'\ 


C w (W-1,UJ-1 ,Wq,Uq,Wi,UJi,W 2,U}2, ■ ■ ■ fiVk,U k , W k+ i,UJ k+ i,W k+ 2, 

w ' k+2 , J k+l , w' k+ i, Wfc, Wfc, , . . . , Wi, wi , Wo, w' 0 , J_ 4 ,7t/_ 4 ) . 


All the above cycles are pairwise disjoint in G’. Finally, for each edge vw of G, if vw E Ej then 
add the edges ViWi and xj'tuj to G'. 

Observe that G' is bipartite with colour classes: 


X :={vi : i € [1, A:]} U : i E [0, k]} U {w[ : i E [—1, k + 2]} U {ex* : i E [— 1, k + 1]} 
y :={x( : i E [1, k}} U {z^, : i E [0, &]} U {to/ : i E [—1, k + 2]} U {w( : i E [—1, k -F 1]}. 


We now show that Lemma 9 is applicable to G'. For v € A, let k v := 2k + 1. For w E A, let 
k w := 2k + 7. Each cycle C v has length 2 k v , as reguired. Since k ^ we have ^ \ -\- | ( 
as reguired. We now show that the final reguirement in Lemma 9 is satisfied. Consider an edge 
vw E Ei, where v E A and w E B. Then Vi E C v Cl X and Wi E C w Cl Y and v[ E C v Cl Y and 
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w[ E C w n X. Thus the edges ViWi and v[w' i In G' satisfy the final requirement in Lemma 9. 
Hence G' is an e'-expander for some e' depending on e, k and A (G) ^ 2k. 

For i E [1,4 let A* := {u* : v E A] and A, := {z/* : v E A] . For i E [0,4 let A' := {v[ : 
v E A} and A 1 - := {v[ : v E A}. Similarly, for i E [—1 ,k + 2], let B* := {te* : w E B} and 
B'j := {w' i : w E B} and 0* := {w* : w E B} and Q' := {w' : w; E B}. By ordering each of these 
sets by the given ordering of A or B, we consider each such set to be a track. As illustrated in 
Figure 7, the graph H obtained from G' by identifying each of these tracks into a single vertex 
is a subgraph of the wall. 


B ' 0 Hq B [ Hi B ' 2 n 2 B ' 3 Cl ' 3 


B'k-i B'k ^'k 


B ' 



Bk+2 


Figure 7: The graph H. The inner cycle corresponds to vertices in A. The outer cycle corresponds 
to vertices in B. 


In other words, there is a homomorphism from G to H, where the preimage of each vertex in H 
is a track in G. For each edge pq of H, where pq is of the form 0 * 6 * or a[b[, there is no crossing 
in G' between the tracks corresponding to p and q since these edges correspond to a monotone 
matching. For every other edge pq of H, the edges between the tracks corresponding to p and 
q form a non-crossing perfect matching. By Lemma 11, H is 3-monotone. Replacing each vertex 
of H by the corresponding track gives a 3-monotone layout of G', as illustrated in Figure 8 (a). 
This proves Theorem 2. Similarly, by Lemma 12, H has a 2-queue layout, such that for all edges 
pq and pr with p B q A r or r B q A p, the edges pq and pr are in distinct queues. Replacing 
each vertex of H by the corresponding track gives a 2-queue layout of G', as illustrated in 
Figure 8 (b). This proves Theorem 4. Finally, by Lemma 13, H has a 4-track layout, such that 
for all edges pq and pr, the vertices q and r are in distinct tracks. Replacing each vertex of H 
by the corresponding track gives a 4-track layout of G', as illustrated in Figure 8 (c). This proves 
Theorem 5. Note that, in fact, between each pair of tracks, the edges form a monotone matching. 

7 Open Problems 

Heath et at. [29, 30] conjectured that planar graphs have bounded queue-number, which holds 
if and only if 2-page graphs have bounded queue-number [17]. The best upper bound on the 
queue-number of planar graphs is O(logn) due to Dujmovic [11]; see [14] for recent extensions. 
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(a) 3-monotone 


(b) 2-queue 


(c) 4-track 


Figure 8: Replacing each vertex of H by a track in G'. 


More generally (since planar graphs have bounded page-number [7, 41]), Dujmovic and Wood 
[17] asked whether queue-number is bounded by a function of page-number. This is equivalent 
to whether 3-page graphs have bounded queue-number [17]. 

Dujmovic and Wood [17] also asked whether page-number is bounded by a function of queue- 
number, which holds if and only if 2-queue graphs have bounded page-number [17]. 

Grohe and Marx [28] established a close connection between expanders and linear treewidth 
that, with Theorem 3, gives an infinite family of n-vertex 3-page graphs with O(n) treewidth 
(and maximum degree 3). This observation seems relevant to a question of Dujmovic and Wood 
[19], who asked whether there is a polynomial time algorithm to determine the book thickness of 
a graph with bounded treewidth; see [2] for related results and questions. 

A final thought: 3-page graphs arise in knot theory, where they are called Dynnikov Diagrams 
[23-25], It would be interesting to see if the existence of 3-page expanders has applications in 
this domain. 


Note 

As mentioned earlier, the proof of Lemma 9 is reminiscent of the replacement product; see 
[1, 21, 31, 39]. A referee observed that it is possible to obtain 3-monotone expanders via the 
replacement product as follows. Apply Lemma 3.1 of Dvir and Wigderson [21] where G\ is the 
2fc-monotone bipartite expander due to Bourgain and Yehudayoff [5, 6], and G 2 is a cycle of 
length 2k. This gives a 4-monotone bipartite expander (allowing parallel edges). Observe that 
two of the monotone matchings are the same. Discard one of them to get a 3-monotone graph. 


















The expansion can only drop by a bounded amount, leaving a 3-monotone bipartite expander. 
However, It Is unclear whether this construction gives a 2-slded expander as In our construction. 
Most Importantlg, the method presented In this paper (using the Infinite wall) leads to 2-gueue 
expanders, 4-track expanders, and expanders with simple thickness 2. 
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A Separators in Bipartite Expanders 

A separator in a graph G is a set Z C V ( G ) such that each component of G—Z has at most ^ ^ 
vertices. The following connection between expanders and separators is well known, although 
we are unaware of an explicit proof for bipartite expanders, so we include it for completeness. 

Lemma 14 . If G is a bipartite e-expander with 2 n vertices, then every separator in G has size 
at least |(n — 1) — 1. 


Proof. Let A, B be the bipartition of G with |A| = \B\ = n. Let Z be a separator of G. Our 
goal is to prove that \Z\ ^ |(n — 1) — 1. Let Z\ := Z n A and Z 2 := Z n B. 

Let Xi,..., Xk be a partition of V{G — Z) such that each Xj is the union of some subset of the 
components of G — Z with at most n vertices in total, and subject to this condition, k is minimal. 
This is well-defined, since each component of G — Z has at most n vertices. By minimality, 
\Xi\ + \Xj\ > n for all distinct i,j E [1,/c]. If k ^ 4 then |JVi| + \X 2 \ > n and |^ 3 1 + \X±\ > n, 
which contradicts the fact that |V(G)| = 2 n. Hence k ^ 3. Let Aj := Xi n A for i E [l,fc]. 

First suppose that \Ai\ ^ % for some i E [1, k]. Let S be a subset of Ai with exactly [_§J vertices. 
Observe that N(S) C (7Q \ S) U Z. Thus 

(1 + e)|Sj sc \N(S)\ ^ \Xi\ - |S| + \Z\^n- |5| + |Z|, 


and 


|^| ^ (2 + e)|5| — n — (2 + e) 


n ^ (2 + e) 




1 )- 1 , 


as desired. 


19 






Now assume that |A| < | for all i G [1 ,k\. Observe that 

E < 2 + e)| Ai| - \X,\ =((2 + e ) £ |AI) - (£ |Xi|) 

i i i 

=(2 + e)(n-|Z 1 |)-(2n-|Z 1 |-|Z 2 |) 

=en - (1 + e)|Zi| + |Z 2 |. 

Thus, for some i G [1, k], we have (2 + e)| A| — |2Q| ^ ^(en — (1 + e)\Z\\ + |Z 2 |). Observe that 
N(Ai) C (JQ \ A:) U Z 2 . Thus 

(1 + e)|A| ^ |iV(A)| ^ | Xi\ — \Ai\ + |Z 2 |, 


and 

\Z 2 \ ^ (2 + e)|A| — | Xj\ ^ \( en ~~ (1 + c)|Zi| + |Z 2 |), 


Implying 


(k — 1)\Z 2 \ + (1 + e)|Zi| ^ en. 

Since k ^ 3 and 1 + e ^ 2, we have 2|Z| ^ (k — 1)|Z 2 | + (1 + e)|Zi| ^ en, Implying \Z\ ^ ^ 
as desired. □ 


B Subdivisions 

Here we show that the 2-subdivision of a bipartite expander is another bipartite expander. 
This result is well known, although we are unaware of an explicit proof, so we include it for 
completeness. 

Lemma 1 5. For every two-sided bipartite e-expander G with maximum degree d, ifG' is the graph 
obtained from G by subdividing each edge twice, then G' is a two-sided bipartite e' -expander, 
for some e' depending on e and d. 

Proof. Say G has m edges, and (A , B ) is the bipartition of G with n = |2l| = \B\. Since G is an 
e-expander, each vertex has degree greater than 1 (and at most d). Thus 2n ^ m ^ dn. Observe 
that G' is bipartite with bipartition (^4 U A',B U B'), where for each edge e of G, exactly one 
division vertex of e is in A' , and exactly one division vertex of e is in B'. Each colour class of 
G' has n + m vertices. 

Let S C A and S' C A! such that \S\ + || ^ \{n + m). By the symmetry between A' and B', 
it suffices to prove that | N(S U S')\ ^ (1 + e')|S U S'\, for some e' depending solely on e and d. 
We do so with the following definition of e': 

4d + 3 
4d + 4 

g (! - P) 

2(e + (3 ) 
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e := min 


(1 +e)(l - 7 ) - 1 


(e + /j)(l — 7 ) 
(1 + e)/3 



We now show that e' > 0. Since 1 — e < 1 < 2/3, we have 1 — [3 < e + (3 and < 1. Thus 


0 < 7 < | < 1. Since 7 < |, we have (1 + e)(l — 7 ) > 1, and since 7 < 7 ^ 7 ^- it follows that 


(e+ff)(l-7) 


> 1- [Proof. ^ > 7 implies e(l - /3) > 7 (e + /?) implies (e + /?) - (1 + e)/3 > 
7 (e + /3) implies (e + /3)(1 — 7 ) > (1 + e)/3 implies > 1 .] Thus e' > 0. Also note that 


<7 <7<JL<J_<1 
6 ^ d, ^ 2d ^ 2d ^ A - 


Consider a subdivided edge (v,w',v',w) of G where v G A, w E B, v' E A' and 1 // E B'. Say 
vw is type-1 if v E S and v' E S'. Let m 1 be the number of type-1 edges in G*. Say vw is 
type-2 if v G S and v' 0 S'. Let m 2 be the number of type-2 edges in G. Say vw is type-3 if 
v 0 S and v' G S'. Let m 3 be the number of type-3 edges in G. 


Let X be the set of vertices in B adjacent in G to some vertex in S and adjacent in G' to some 
vertex in S'. The endpoint of each type-1 edge in B is in X, and each vertex in X has degree 
at most d. Thus mi ^ d\X\. Let Y be the set of vertices in B adjacent in G to some vertex in 
S and adjacent in G' to no vertex in S'. Each vertex in Y is incident to some type-2 edge, and 
distinct vertices in Y are incident to distinct type-2 edges. Thus m 2 ^ |W|. Let Z be the set 
of vertices in B adjacent in G to no vertex in S and adjacent in G' to some vertex in S'. The 
endpoint of each type-3 edge in B is in X U Z, and each vertex in X U Z has degree at most d. 
Thus mi + m 3 ^ d{\X\ + \Z\). 


Note that X , Y, Z are pairwise disjoint. By the definition of X and Y, we have Ng(S) = JUT. 
Observe that | Ng>{S U S') Cl B'\ = mi + m 2 + m 3 and Nqi(S U S') Cl B = X U Z. Thus 

| N g >{S US') I = \X\ + \Z\ + mi + m 2 + m 3 . (3) 

Also note that |S'| = mi + m 3 . Since |S| + |S'| ^ \{n + m), 

mi + m 3 ^ \{n + m) - |S|. (4) 


First suppose that m2 ^ (1 + e')y + m3. Thus m2 ^ (1 + e')n + m3 JS (1 + e')|S'! + m3. Since 
\X\ ^ ^ ^ e'mi and 1 ^ e', we have m2 + |X| ^ (1 + e / )|*S'| + e'(mi + m3). By (3), 

| N(S U S') | = mi + m 2 + m. 3 + |X| + \Z\ ^ (1 + e')(|S| + mi + m 3 ) = (1 + e')\S U S '|, 

as desired. 

Now assume that m 2 ^ (1 + e') '-j + m 3 . Since m ^ dn and e' ^ 7 ^, 

2m,2 — m — 2m,3 ^ e'm ^ (5) 

Since G contains m — m\ — m 2 edges incident to A — S, and each vertex in A — S has degree 
at most d, we have m — mi — m 2 ^ d(n — |S|). By (4), 

m — m 2 ^ d(n — IS)) 4- mi ^ d(n — |S|) + + m) — |S| — m 3 . 
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By (5), 

{2d + 2)|<Sj ^ {2d + 1 )n + 2m 2 — m — 2ms ^ {2d + 1 )n + §. (6) 

Therefore |5'| ^ (3n. Say |5| = an, where 0 < a ^ ( 3 . 

if \s\ ^ | then (since G is an e-expander), 

1*1 + m = \N G {S)\ > (1 + e)|S| ^ |5|. 

1-7 

We can reach the same conclusion when |S| ^ | as follows. Considering any subset of S of size 
[§J, we have \X\ + |F| = \N G {S)\ ^ (1 + e)[fj > f. Thus | B- (IUT)| ^ §. Since G is a 
two-sided e-expander, | N G {B — {X U Y))| ^ (1 + e)\B — {X U Y)| = (1 + e)(n — \X\ — |Y"|). No 
vertex in B — {X U Y) is adjacent to S. Thus 

n - |5| ^ | N g {B -(IUT))|>(1 + e)(n - \X\ -\Y\). 


That is, 


1*1 + 1*1 > 


en + |5| 


a 


1 + e 


1 + e 


n. 


Since a + [ 3 , it follows that pp ^ pp. Thus 


Hence 


By (7), 


as claimed. 


1 + e' ^ 


(e + 10(1 ~ 7) 

(1 + e )/3 




(e + a)(l — 7) 
(1 + e)a 


(1 + e')a ^ e + a 
1 - 7 ^ 1 + e 


W + |x|» TT7’ !> 


(1 + e')a 
1-7 


n = 


1 + e' 
1-7 


\S\, 


(7) 


Since m 2 + |W| and 0 < 7 < 1 , 

(1 + e')|S| < (1 - 7 )(l*l + |*|) < (1 - 7 ) 1*1 + m2 < (1 - 7 )(l*l + \Z\) + m 2 . 
Since e' ^ 7 and mi + m 3 ^ d(|*| + |Z|), we have e'(mi + m 3 ) ^ 7 (|*| + |-Zj). Hence 

(1 + e')|S| + e'(m.i + m 3 ) ^ \X\ + \Z\ + m 2 . 


Therefore, by ( 3 ), 

(1 + e')|5 U S' | = (1 + e')(|5| + m\ + m 3 ) ^ |X| + \Z\ + mi + m 2 + m 3 = |-ZV G /(S U S')|. 
This completes the proof. □ 
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